Abstract. By Jahnke-Peternell-Radloff and Takeuchi, almost Fano threefolds with del Pezzo fibrations were classified. Among them, there exists 10 classes such that the existence of members of these was not proved. In this paper, we construct such examples belonging to each of 10 classes.
The classification of Fano threefolds is very important and many people studied it. Roughly speaking, we may regard almost Fano threefolds as "degenerated" Fano threefolds. In particular, the classification of almost Fano threefolds is related to that of singular Fano threefolds. For example, some Gorenstein terminal Fano threefolds have almost Fano threefolds as their small resolutions. Therefore, the classification of almost Fano threefolds is also an important problem.
To classify (almost) Fano threefolds, we are interested in possible tuples of values of some invariants. As examples of invariants, we consider the Picard rank ρ(X) := dim Q (NS(X)⊗ Z Q), the anti-canonical degree (−K X ) 3 , the Hodge number h 1,2 (X) := dim H 2 (X, Ω X ), and types of contractions of extremal rays of X. For each fixed tuple of values, we call the set {X | the tuple of invariants of X is equal to the fixed one } the class corresponding to the fixed tuple. To classify (almost) Fano threefolds, we need to reveal whether each class has a member or not.
The classification of Fano threefolds is given by the papers : [8, 9] , [4, 5, 6] , [22] , [23] , [24] , [18] , [14, 15, 16] , and so on. In particular, they classified the possible tuples of values of some invariants and proved that each class has a member. [21] is a survey of the classification of Fano varieties including these results.
The classification of almost Fano threefolds X with the minimum Picard rank, that is, ρ(X) = 2 has been most intensively studied. Here we recall some known results. By virtue of Mori theory, X has the contraction of the K X -negative ray ϕ : X → W and the contraction of the K X -trivial ray ψ : X → X. Then ψ contracts a divisor or finitely many curves. In the latter case, let χ : X X + denote the flop of ψ [12] . Thus we have two cases as the following diagrams.
• Jahnke-Peternell-Radloff treated Case (A) in [10] . They narrowed down tuples of values of invariants. The existence of a member of each class was proved except for the two classes appearing in TABLE  1 below.
• In [11] (resp. [3] ), Jahnke-Peternell-Radloff (resp. Cutrone-Marshburn) treated Case (B) when ϕ or ϕ + is not a divisorial contraction (resp. ϕ and ϕ + are divisorial contraction ). They narrowed down tuples of values of invariants. The existence of a member of each class was proved except for some classes.
• In [25] , Takeuchi treated Case (B) when ϕ is a del Pezzo fibration of degree d = 6. He classified tuples of values of invariants and prove the existence of members of each class. Takeuchi's works and Jahnke-Peternell-Radloff's works are independent each other.
• In [26] , Vologodsky treated Case (B) when ϕ and ϕ + are del Pezzo fibrations. He classified the possible values of (−K X ) 3 . Unfortunately, due to mistakes in [26, Proposition 2.2] , there are some missing values in his classification. [25] , [11] and this paper fill the whole missing values of anti-canonical degrees by constructing examples. In this paper, we mainly consider the case where ϕ is a del Pezzo fibration. In this case, it is known that W = P 1 . By summarizing the above known results, there exists 10 classes such that it is yet to be known whether these have members or not. Our main theorem is to show the existence of members of each class. Theorem 1.1. Each class belonging to the following TABLE 1 and 2 has a member. In particular, there exists examples of each almost Fano threefold with a del Pezzo fibration that appears in [10] and [11] . 6 P 1 dP 6 12 (−K X ) − F "2" § 3.6 (B-iii-2) 6 P 1 dP 6 6 2(−K X ) − F "4" § 3.8 (B-iii-3) 6 P 1 dP 6 4 3(−K X ) − F "3" § 3.9 (B-iii-4) 6 P 1 dP 6 2 6(−K X ) − F "5" § 3.10
Notation for TABLE 1.
• The second row from the left denotes the degree of the del Pezzo fibration ϕ : X → P 1 .
• The third row from the left denotes the types of ψ. "(g, d)" means that ψ is the blowing-up along a non-singular curve C of genus g with (−K X ).C = d.
• The fifth row from the left denotes the description of
Here, F is a general ϕ-fiber.
• The second rows from the right denote the Hodge numbers h 1,2 (X) of members of a class. "n" means that there exists at least one member X of the class such that h 1,2 (X) = n.
• The rightmost rows denote subsections including proofs of the existence of a member.
Notation for TABLE 2.
• The third row from the left denotes the types of V . B(m) (resp. V (g)) denotes a del Pezzo (resp. Mukai) threefold of degree m (resp. genus g).
• The fourth row from the left denotes the types of ϕ + .
-"(g, d)" means that ϕ + is the blowing-up along a non-singular curve C of genus g with −K V .C = i V · d. Here, i V denotes the Fano index of V . -"deg(disc.)=4" means that ϕ + : X + → V is a conic bundle and the degree of the discriminant divisor is 4. Note that we obtain V = P 2 in this case. -"dP 6 " means that ϕ + : X + → V is a del Pezzo fibration of degree 6. In this case, we obtain V = P 1 .
• The fifth row from the left denotes the description of the divisor
Here, F is a general ϕ-fiber and
• The second rows from the right denote the Hodge numbers h 1,2 (X) of members of a class. "n" means that there exists at least one member X of the class such that h 1,2 (X) = n. The Hodge numbers h 1,2 (X) of an arbitrary member of classes in Case (B-i) are given in § 2.2.
• The rightmost rows denote subsections including proofs of the existence of a member. We explain a sketch of proof of Theorem 1.1. In Case (B-i), the construction of a member of the class is reduced to the construction of a Fano threefold containing an elliptic curve of degree 6. In Case (B-i-1), we can construct a member by standard arguments. In Case (B-i-2) and (B-i-3), we use theory of Néron-Severi lattices of K3 surfaces. This strategy is the same one in [3] .
In Case (A-1), Case (B-ii) and Case (B-iii), the idea of our construction of a member of those classes based on an elementary birational transformation as follows. Let Q 2 ⊂ P 3 be a smooth quadric surface and take general three points p 1 , p 2 , p 3 on Q 2 . Then the linear span of three points p 1 , p 2 , p 3 is a plane and the intersection of the plane and Q 2 is a conic C. Let σ : F → Q 2 be the blowing-up of Q 2 at p 1 , p 2 , p 3 and C the proper transform of C. Then C is (−1)-curve and hence we obtain the blowing down τ : F → S of C. Note that S is a del Pezzo surface of degree 6. The following proposition is a relativization of this birational transformation Q 2 ← F → S. See Proposition 3.5 for precise statement. Proposition 1.2. Let π : W → P 1 be a quadric fibration and B ⊂ W a smooth curve and τ : Z := Bl B W → W the blowing-up along B. We assume the following condition for a pair (π : W → P 1 , B).
deg(π| B : B → P 1 ) = 3 and −K Z is p-nef and p-big with p := π • τ : Z → P 1 .
Then there exists a birational map Φ : Z Y over P 1 and a birational morphism µ : Y → X over P 1 . Moreover, the following holds.
• Φ is isomorphic in codimension 1.
• µ is the blowing-up along a ϕ-section C. Here, ϕ : X → P 1 is a structure morphism onto P 1 .
• ϕ : X → P 1 is a del Pezzo fibration of degree 6.
This proposition is a variant of Takeuchi's 2-ray game [24] . By using this proposition, the construction problem can be reduced to the construction of a pair (π : W → P 1 , B) satisfying the condition above.
As an example, assume that W is the blowing-up of a quadric threefold Q 3 along a conic Γ (resp. the blowing-up of P 3 along an elliptic curve Γ of degree 4) . Then the construction of (π : W → P 1 , B) is reduced to the construction of a pair of curve (B, Γ) in Q 3 (resp. P 3 ), where Γ is a conic (resp. elliptic curve of degree 4) and B satisfies deg B = #(B ∩ Γ) + 3 (resp. 2 deg B = #(B ∩ Γ) + 3) . We construct such pair by using a theory of Néron-Severi lattices of K3 surfaces except for Case (B-iii-1) and Case (A-1). Actually, our constructions of a member of each classes use the quadric fibrations above except for Case (B-iii-3). In Case (B-iii-3), we use a (2, 2) divisor in P 3 × P 1 for W .
In Case (A-2), our construction of a member is similarly based on the birational transformation of surfaces as follows. We take general 5 points p 1 , . . . , p 5 in P 2 and consider the conic C passing through p 1 , . . . , p 5 . Let σ : F → P 2 be the blowing-up at p 1 , . . . , p 5 and C be the proper transform of C. Then C is a (−1)-curve and hence we obtain the blowing-down τ : F → S of C from F onto a del Pezzo surface S of degree 5. We prove a relativization of this birational transformation (see Proposition 3.18) and use it to construct an example belonging to Case (A-2).
Notation and Convention. We basically adopt the terminology of [7] and [13] .
• For a closed subvariety Y ⊂ X, N Y X denotes the normal sheaf.
• For a birational morphism ϕ : X → Y with relative Picard rank one, Exc(ϕ) denotes the exceptional set of ϕ. If codim X Exc(ϕ) = 1, we call ϕ a divisorial contraction. If codim X Exc(ϕ) ≥ 2, we call ϕ a small contraction. Assume that X is non-singular projective variety. If ϕ is a divisorial contraction and K X ∼ ϕ 0, we call ϕ a crepant contraction. If ϕ is a small contraction and K X ∼ ϕ 0, we call ϕ a flopping contraction.
• A Mori fiber space is a contraction ϕ : X → S of a K X -negative ray with non-singular projective variety X and normal projective variety S such that dim S < dim X.
• A del Pezzo fibration is a Mori fiber space ϕ : X → S with dim X = 3 and dim S = 1. The degree of del Pezzo fibration ϕ : X → S is a anti-canonical degree (−K F ) 2 for a general ϕ-fiber F . A del Pezzo fibration of degree 8 is called a quadric fibration.
• A conic bundle is a Mori fiber space ϕ : X → S with dim X = 3 and dim S = 2. The discriminant divisor ∆ of conic bundle ϕ : X → S is a divisor of S given by ∆ = {x ∈ S | ϕ −1 (x) is singular }. Note that a conic bundle ϕ : X → S is always flat and hence S is non-singular.
• For a non-singular Fano variety V , i V := max{i ∈ Z >0 | −K V = i · H for some Cartier divisor H} denotes the Fano index of V .
• Q n denotes a n-dimensional smooth quadric hypersurface.
• B(m) is a del Pezzo threefold of degree m, which means V = B(m) is a Fano threefold with i V = 2 and (−K V ) 3 = 8m.
• V (g) is a Mukai threefold of genus g, which means V = V (g) is a
Fano threefold with i V = 1 and (−K V ) 3 = 2g − 2.
• For a locally free sheaf E, we set P(E) := Proj Sym
• E and O P(E) (1) as the tautological bundle of P(E).
• The P 1 -bundle
• We say that ϕ : X → S is a P 2 -bundle if ϕ is a projection morphism of a projective space bundle P(E) → S associated to some locally free sheaf E of rank 3 over S.
• For a birational map f : X Y and a closed subscheme S ⊂ X, f * S and S Y denotes the proper transform of S.
Acknowledgement. I am deeply grateful to Professor Hiromichi Takagi, my supervisor, for his valuable comments, suggestions and encouragement. I am also grateful to Professor Kiyohiko Takeuchi who showed me his unpublished works about the classification of weak Fano threefolds with Picard rank two. This paper is based on my master thesis at the Graduate School of Mathematical Sciences, The University of Tokyo.
Preliminaries
2.1. Divisors on K3 surfaces. In this subsection, we review some theory for K3 surfaces. First, we recall a result of a theory of Néron-Severi lattices of K3 surfaces. We also recall the fact that the fundamental domain, for the Picard-Lefschetz reflection on the positive cone of a K3 surface, is the closure of the Kähler cone. We collect these results as follows. (1) Let ρ be an integer with 1 ≤ ρ ≤ 10 and Λ an even lattice with signature (1, ρ − 1). Then there exists a projective K3 surface S and an isometry i : Λ → Pic(S). Here, the lattice structure of Pic(S) is given by whose intersection form. (2) Let H be a line bundle of a K3 surface S. If H 2 > 0, then there exists an isometry i : Pic(S) → Pic(S) such that i(H) is nef and big.
We review some characterizations of very ampleness or base point freeness of nef line bundles of K3 surfaces. This subject is mainly treated by [20] . [19] ). Let L be a nef line bundle on a K3 surface S. Then the following hold.
(1) The following are equivalent.
(a) L is globally generated. (
, then there exists an elliptic curve C such that nC ∈ |L| for some n > 0. In particular, if L 2 = 0 and L is a generator of the lattice Pic(S), there exists an elliptic curve C such that C ∈ |L|.
We prepare two easy lemmas to prove Theorem 1.1.
Let L be an effective divisor on a K3 surface S and N be the fixed part of |L|.
) is bijective and hence h 0 (S, O S (C)) = 1. By the Serre duality and the Riemann-Roch theorem, we have C 2 < 0 and hence
by the Riemann-Roch theorem and hence L = N .
Lemma 2.4. Let S be a K3 surface and H a very ample divisor with H 2 = 6. Then S is a complete intersection of a quadric hypersurface Q and a cubic hypersurface in P 4 . Moreover, Q is smooth if there exists no effective divisors
Fix a closed embedding S ֒→ P 4 given by |H|. The former statement is well-known. Note that Q is smooth along S since S is a non-singular Cartier divisor of Q. Let q be a quadratic form defining Q. Since S ֒→ P 4 is non-degenerate, we have rk q ≥ 3. If rk q = 3, then Q is isomorphic to an weighted projective space P(1, 1, 2, 2). But it contradicts that Q is smooth along S. If rk q = 4, then we have
Note that C i is a divisor of S since S does not pass the vertex of Q. Since C i is a cubic curve of P 0i , we have C 2 i = 0, H.C i = 3 and H = C 1 + C 2 . It contradicts our assumption.
At the end of this subsection, we summarize a part of Mukai's theory about K3 surfaces [18] . Definition 2.5. Let (S, H) be a polarized K3 surface, that is a pair of a K3 surface S and an ample divisor H. We say that (S, H) is Brill-Noether
Proposition 2.6 ([18, Theorem 4.7]
). Let (S, H) be a Brill-Noether general polarized K3 surface. Assume that H is very ample, H 2 = 2g − 2 and g ∈ {7, 8, 9, 10}. Then there exists a non-singular Mukai threefold V of genus g such that V has S as an anti-canonical member.
2.2.
Computations of h 1,2 . We can compute the Hodge numbers h 1,2 (X) of the members belonging to Case (B-i) by using the following well-known lemmas.
Lemma 2.7 ([12, Corollary 4.12]). Let X be a non-singular projective threefold and χ : X X + be a flop. Then, for all i, j ∈ Z ≥0 , h i,j (X) = h i,j (X + ).
Lemma 2.8. Let V be a smooth projective variety and B ⊂ V a smooth closed subvariety with codim V (B) ≥ 2. Let V → V be the blowing-up along B. Then we obtain that
In particular,
The Hodge number h 1,2 of a Fano threefold with Picard rank 1 is wellknown [21] .
By using Lemma 2.7, 2.8 and 2.9, we obtain the Hodge numbers h 1,2 (X) for X appearing in Case (B-i) as in TABLE 2.
Constructions

Case (B-i-1). Let us construct an example belonging to Case (B-i-1).
Let C ⊂ P 5 be an elliptic curve of degree 6. Then there exists a linear subvariety P 5 ⊂ P 7 such that C = P 5 ∩ (P 1 ) 3 , where (P 1 ) 3 ֒→ P 7 is the Segre embedding. In particular, C is defined by quadratic equations. Thus we can take general quadric hypersurfaces Q 1 , Q 2 containing C such that V := Q 1 ∩ Q 2 is a non-singular del Pezzo threefold of degree 4.
Let ϕ + : X + := Bl C V → V be the blowing-up along C and set H := ϕ + * O P 5 (1)| V . Since C is defined by quadratic equations, we obtain that −K X + = 2H − D is nef. Also we obtain that (−K X + ) 3 = 8 by a straightforward calculation. In particular, −K X + is nef and big.
By the classification in [14] , −K X + is not ample and thus there exists the contraction of the K X + -trivial ray ψ : X + → X. ψ + is not a divisorial contraction by the classification in [10] and thus there exists the flop η : X + X of ψ and the contraction of the K X -negative ray ϕ : X → V . By the classification in [3] and [11] , ϕ is neither a divisorial contraction nor a conic bundle. Hence ϕ is a del Pezzo fibration. By the classification in [11] , ϕ : X → P 1 is an example of Case (B-i-1).
Case (B-i-2).
In order to construct an example belonging to Case (B-i-2), we consider the following lattice :
This is an even lattice with signature (1, 1). By Theorem 2.1, there exists K3 surface S such that Pic(S) = Z · H ⊕ Z · C is isometry to this lattice. Moreover, we may assume that H is nef and big.
For every D = xH + yC ∈ Pic(S) = Z · H ⊕ Z · C, we have
2 + 12xy and H.D = 18x + 6y.
Note that D 2 and H.D are multiple by 6. In particular, S has no (−2)-curve and hence every effective divisor on S is base point free. Thus H is very ample by Theorem 2.2. Since C 2 = 0 and H.C = 6, C is effective and hence has no base point. Therefore, we may assume that C is non-singular.
Proof. Let L and N be non-zero effective divisors such that H = L + N and set L = xH + yC for some x, y ∈ Z. Thus we have
By this observation, we obtain the following:
0 ≤ x ≤ 1, 0 ≤ 3x + y < 3 and 0 ≤ 3x + 2y ≤ 3.
By a straightforward calculation, the pairs of integers satisfying this inequalities are (x, y) = (0, 1),
Therefore, there exists a Mukai threefold V of genus 10 having S as an anti-canonical divisor. Let ϕ + :
It is clear that −K X + is nef if and only if −K X + | S is nef. For the line bundle −K X + | S = H − C, we have (H − C) 2 = 6 and H.(H − C) = 12 and hence |H − C| is base point free. Hence −K X + is nef and (−K X + ) 3 = 6. Thus −K X + is nef and big. By applying similar arguments in § 3.1, we obtain the flop χ : X + X and a del Pezzo fibration ϕ : X → P 1 of degree 6 which belongs to Case (B-i-2).
Case (B-i-3).
In order to construct an example belonging to Case (B-i-3), we consider the following lattice :
This is an even lattice with signature (1, 1). By Theorem 2.1, there exists a K3 surface S such that Pic(S) = Z · H ⊕ Z · C is isometry to this lattice and H is nef and big.
For every D = xH + yC ∈ Pic(S) with x, y ∈ Z, we have
Note that D 2 is multiple by 4. In particular, S has no (−2)-curve and every effective divisor on S is base point free. By using Theorem 2.2, it is easy to see that H is very ample. Since C 2 = 0 and H.C = 6, C is an effective divisor and hence it is base point free. Therefore, we may assume that C is non-singular by Theorem 2.2. The following lemma can be proved similarly to Lemma 3.1.
Lemma 3.2. This polarized K3 surface (S, H) is Brill-Noether general.
Therefore, there exists a Mukai threefold V of genus 9 having S as an anti-canonical divisor. Let ϕ + : Bl C V =: X + → V denotes the blowingup of V along C. By a straightforward calculation, (−K X + ) 3 = 4 holds. By the similar argument in § 3.2, −K X is nef and big and we obtain the flop χ : X + X and a del Pezzo fibration ϕ : X → P 1 of degree 6 which belongs to Case (B-i-3).
3.4. Quadric fibrations with tri-sections. In this subsection, we prove Proposition 3.5. This proposition plays an important role on the constructions of the examples belonging to Case (A-1) , (B-ii) and (B-iii). In order to prove Proposition 3.5, we prepare the following two lemmas. Lemma 3.3. Let Y be a smooth projective threefold and S a smooth projective surface and g : Y → S and ϕ : S → P 1 morphisms. Assume g is a contraction of K Y -negative ray over
Proof. Let ∆ ⊂ S be a discriminant divisor of the conic bundle g : 
Hence we have 4K S .F < −∆.F ≤ 0, which means −K S is ϕ-ample. Since ρ(S) = 2, all fibers of ϕ are isomorphic to P 1 .
Lemma 3.4. Let f : X → S, f ′ : X ′ → S ′ be Mori fiber spaces and Φ : X X ′ an isomorphism in codimension 1. Assume there exists a rational map ϕ : S S ′ such that the following diagram is commutative:
Then Φ and ϕ are isomorphic.
Proof. See [2, Proposition 3.5].
Proposition 3.5. Let W be a smooth projective threefold with ρ(W ) = 2, π : W → P 1 a quadric fibration, B ⊂ W a smooth projective curve and τ : Z := Bl B W → W the blowing-up along B. We assume the following condition ( † 6 ) for the pair (π : W → P 1 , B).
B → P 1 ) = 3 and −K Z is p-nef and p-big with p := π • τ : Z → P 1 .
Then the following hold.
(1) The morphism from Z to the relative anti-canonical model over P 1
is a small contraction or an isomorphism. (2) Define a variety Y and a birational map Φ : Z Y over P 1 as follows:
• If −K Z is p-ample, we set Y := Z and Φ := id Z : Z → Y , or
Let q : Y → P 1 be a structure morphism onto P 1 and µ : Y → X a K Y -negative ray contraction over P 1 . If −K Z is p-ample, we choose the other ray which is different to the one corresponding to τ : Z → W . Let ϕ : X → P 1 denotes the structure morphism onto P 1 .
Then µ is the blowing-up along a ϕ-section C and ϕ : X → P 1 is a del Pezzo fibration of degree 6.
t t t t t t t t t t
Let F Y be a general q-fiber and we set D := Exc(µ), E := Exc(τ ) and E Y := Φ * E. Then we obtain
Moreover, the following equalities hold:
Proof.
(1) Assume Ψ : Z → Z is a divisorial contraction. Set D := Exc(Ψ). Let F Z be a general p-fiber and F W be a general π-fiber such that τ (F Z ) = F W . Now τ | F Z : F Z → F W ≃ P 1 × P 1 is the blowing-up at reduced three points.
Let us prove that D| F Z is a disjoint union of (−2)-curves l 1 , . . . , l n and n ∈ {1, 2}. Let e 1 , e 2 , e 3 be exceptional curves of τ | F Z and set Thus the number of lines passing through exactly two points of the three points is at most two. Moreover, if there exists two lines passing through two points of the three points, then the proper transforms of those do not meet since the two lines meet transversally at one point of the three point.
Thus we have x = ± √ 15n
10 . It contradicts x ∈ Q and n ∈ {1, 2}. Therefore, Ψ is an isomorphism or a small contraction. By these equality, we have the following:
x = 4m ± √ 6m 2 + 30m 20 , y = ∓ m 2 + 5m 24 and
Then the possibilities of (m, x, y) are as follows:
It is impossible that x = y = 0 as we have seen. If (x, y) = (0, 1), then we have D| F = E| F for a general F and hence the birational map ψ : W X is isomorphic in codimension 1. Since F W is birationally transformed into F X by the birational map ψ : W X, ψ is an isomorphism over P 1 by Lemma 3.4. Moreover, we have ψ(C) = B. In the case that −K Z is p-ample, it contradicts that the rays which corresponding τ , µ are different. In the case that −K Z is not p-ample, it contradicts that Ψ : Y Z is not an isomorphism over P 1 . Therefore, we obtain that (m, x, y) = 1, 2 and hence (−K F X ) 2 = 6. Therefore, ϕ| C : C → P 1 is isomorphic and ϕ : X → P 1 is a del Pezzo fibration of degree 6.
Y , we obtain the following:
and
The last equalities in Proposition 3.5 are obtained by solving these equations.
Case (B-ii).
In order to construct an example belonging to Case (Bii), we consider the following lattice:
This is an even lattice with signature (1, 2). By virtue of Theorem 2.1, there exists a K3 surface S such that Pic(
is isometry to this lattice. Moreover, we can assume that H is nef and big. Set C 2 = H − F and C 4 = H + F − B. Then we have (C i ) 2 = −2 and H.C i = i for i ∈ {2, 4}. Since H is nef, C 2 , C 4 are (−2)-curves.
Let C be a divisor of S. Then there exists x, y, z ∈ Z such that C = xH + yF + zB and we have C 2 = 6x 2 + 2z 2 + 8xy + 12xz + 6yz and H.C = 6x + 4y + 6z.
By solving these equations for x, y, we have the following:
Hence x, y, z ∈ Z and H.C is even, we can prove that the following (i)-(iv) by a straightforward calculation.
(i) It is impossible that C 2 = 0 and H.C = 1.
(ii) It is impossible that C 2 = 0 and H.C = 2.
(iii) It is impossible that C 2 = 0 and H.C = 3.
(iv) If C 2 = −2 and H.C ≤ 9, then C = C 2 or C 4 .
Lemma 3.6.
(1) H is very ample and S is embedded to Q 3 by |H| as an anti-canonical member. Proof.
(1) By (i),(ii),(iv) and Theorem 2.2, H is very ample. By (iii) and Lemma 2.4, S is embedded in Q 3 as an anti-canonical divisor. (2) By Theorem 2.2, it is enough to show that |F | and |B| are movable.
Let us prove that |F | is movable. Since H.F = 4 and F 2 = 0, F is effective. Let M be the movable part of |F | and N the fixed part. Then we have 4 = H.F > H.N . By Lemma 2.3 and (iv), we have N = aC 2 for some a ∈ Z ≥0 . Since M is movable, we have 0 ≤ M.F = (F − aC 2 ).F = −4a and hence a = 0. Therefore, F = M is movable. Let us prove that |B| is movable. By the similar argument, there exists a, b ∈ Z ≥0 such that B = M + aC 2 + bC 4 , where M is the movable part of |B|. Since M is movable, we have 0 < M 2 = 2 − 2a 2 − 2b 2 − 6a − 14b + 6ab and it is easy to find that (a, b) = (0, 0). Hence B = M is movable. By Lemma 3.6 (1), S is a smooth anti-canonical member of Q 3 and C 2 ⊂ S is a conic in Q 3 . Let σ : W := Bl C 2 Q 3 → Q 3 denotes the blowing-up of Q 3 along C 2 . It is well-known that W is a Fano threefold and there exists a quadric fibration π : W → P 1 that is given by the complete linear system |σ * O Q 3 (1)−Exc(σ)| [14, No.29 of Table 3 ]. Note that S W ≃ S and B W ≃ B. In particular, we can treat divisors of S W as if those were divisors of S. Then (2H + F − B) . The nefness of −K Z follows by Lemma 3.6 (4). Moreover, we have (−K Z ) 3 = 12 and hence −K Z is nef and big. By these arguments, (π : W → P 1 , B) satisfies the condition ( † 6 ) in Proposition 3.5. Therefore, we obtain a del Pezzo fibration ϕ : X → P 1 of degree 6 satisfying the following :
Since Y is almost Fano and −K X .C = 0, X is almost Fano. By TABLE 1  and TABLE 2 , X belongs to Case (B-ii). By Lemma 2.7 and 2.8, we have h 1,2 (X) = 2.
3.6. Case (B-iii-1). Our construction of an example of Case (B-iii-1) does not need Theorem 2.1. Let S 0 ⊂ P 3 be a smooth cubic surface and ε : S 0 → P 2 the blowing-up at 6 points in general position. Let h (resp. e 1 , . . . , e 6 ) denotes σ * O P 2 (1) (resp. ε-exceptional curves). Consider the following curves of S 0 :
Note that general B and Γ are degree 4 elliptic curves in P 3 and meet transversely in 5 points. Let σ : W := Bl Γ P 3 → P 3 denotes the blowing-up of P 3 along Γ and G denotes the σ-exceptional divisor. It is well-known that W is a Fano threefold and a morphism π : W → P 1 that is given by the complete linear system |σ * O P 3 (2) − Exc(σ)| is a quadric fibration [14, No.25 of Table 3 ]. Let τ : Z := Bl B W W → W denotes the blowing-up of W along B W . Set E := Exc(τ ) and H := f * σ * O P 3 (1).
Lemma 3.7. −K Z is nef and (−K Z ) 3 = 10.
Proof. (−K Z ) 3 = 10 is followed by a straightforward calculation. Note that
This divisor is nef and we are done.
By these arguments, (π : W → P 1 , B) satisfies the condition ( † 6 ) in Proposition 3.5. Hence we obtain the diagram (⋆ 6 ). Because of (−K W ) 3 = 32, (−K W ).B = 11 and g B = 1, we obtain a del Pezzo fibration ϕ : X → P 1 of degree 6 satisfying the following:
Since Y is almost Fano and −K X .C = 0, X is almost Fano. By TABLE 1  and TABLE 2 , X belongs to Case (A-1) or Case (B-iii-1).
Let us prove that X belongs to Case (B-iii-1). Now we obtain that F W = 2H −G and −K Z = 4H −G Z −E, where F W is a general fiber of π : W → P 1 . Hence we obtain
It means that D = Exc(µ) = S 0,Y .
Lemma 3.8. The K X -trivial ray contraction of X is a small contraction.
Proof. Let γ ⊂ X be a integral curve such that K X .γ = 0 and γ = C. 
Therefore, γ Z is a fiber of G → Γ or a fiber of E → B. Since −K Z | E is relatively ample for E → B, γ Z is a fiber of G → Γ. The fiber l of G → Γ satisfying −K Z .l = 0 is the fiber of one of the 5 points Γ ∩ E. Therefore, the K X -trivial curves are exactly the proper transformations of these fibers and C. In particular, the number of the K X -trivial curves is finite.
Hence X belongs to Case (B-iii-1). By using Lemma 2.7 and 2.8, we have h 1,2 (X) = 3.
Case (A-1). The construction of an example belonging to Case (A-1)
is obtained by the slightly modified manners in Case (B-iii-1). Let Γ ⊂ S 0 , σ : W → P 3 , G = Exc(σ) be as in § 3.6. Recall that W has a quadric fibration structure π : W → P 1 and a general π-fiber F W is linearly equivalent to σ * O P 3 (2)−G. The σ-exceptional divisor G = P(E) has a P 1 -bundle structure σ| G : G → Γ, where E = N Γ W ∨ . Let h = O P(E) (1) be a tautological bundle.
Since Γ is an elliptic curve of degree 4, Γ is a complete intersection of two quadrics. Hence E ≃ L 1 ⊕ L 2 for some line bundles L 1 , L 2 of degree −8. For an arbitrary line bundle M of degree 11 on Γ, L i ⊗ M is very ample for i ∈ {1, 2} and hence E ⊗ M is globally generated. Therefore, the linear system |h + (σ| G ) * M| on G = P(E) has a non-singular member B. Since B is (σ| G )-section, g B = 1. Moreover, we have
Let τ : Z := Bl B W → W be the blowing-up of W along B, E the τ -exceptional divisor. Set H := τ * σ * O(1). Note that we have
Lemma 3.9. −K Z is nef and (−K Z ) 3 = 10.
Proof. By a straightforward calculation, it is easy to see that (−K Z ) 3 = 10. Let us prove the nefness of
, we can describe as follows:
Here, M i denotes some line bundle on Γ of degree i. In this notation, we
, which complete the proof.
Therefore, (π : W → P 1 , B) satisfies the condition ( † 6 ) in Proposition 3.5 and hence we obtain the diagram (⋆ 6 ) and a del Pezzo fibration ϕ : X → P 1 of degree 6 satisfying the following:
Since Y is almost Fano and −K X .C = 0, X is almost Fano. Therefore, X belongs to Case (A-1) or Case (B-iii-1).
Lemma 3.10. The K X -trivial ray contraction of X is crepant.
Proof. For the general fiber f of
is a curve such that −K X .f X = 0 and this argument tells us that X has infinitely many K X -trivial curves.
Hence X belongs to Case (A-1). By similarly arguments in § 3.6, we obtain h 1,2 (X) = 2.
Case (B-iii-2).
In order to construct an example belonging to Case (B-iii-2), we consider the following lattice:
is isometry to this lattice. Moreover, we can assume that H is nef and big.
Set C 2 := Γ and C 5 := 3H − 2Γ − B. Note that C i is a (−2)-curve since (C i ) 2 = −2 and H.C i = i > 0.
Let C = xH + yΓ + zB be a divisor on S with x, y, z ∈ Z. Then we have C 2 = 6x 2 − 2y 2 + 6z 2 + 4xy + 18xz + 12yz and H.C = 6x + 2y + 9z.
By solving these equations for x and y, we obtain the following:
Hence x, y, z ∈ Z, we can prove that the following (i)-(iv) by a straightforward calculation.
(iv) If C 2 = −2 and H.C ≤ 10, then C = C 2 or C 5 .
Lemma 3.11.
(1) H is very ample and S is embedded to Q 3 by |H| as an anti-canonical member.
(2) The general member of |B| is non-singular.
(1) It can be proved similarly to Lemma 3.6 (1). (2) By Theorem 2.2, it is enough to show that |B| is movable. Let M be the movable part of |B| and N the fixed part. Then we have 9 = H.B > H.N . Due to Lemma 2.3 and (iv), there exists a, b ∈ Z ≥0 such that B = M + aC 2 + bC 5 . Thus we have M 2 = 6 − 2a 2 − 2b 2 − 12a − 18b + 8ab ≥ 0. It is easy to find that (a, b) = (0, 0) is the only non-negative integer solution of this inequality. Therefore, |B| = M is movable.
By Lemma 3.11 (1), S is embedded in Q 3 as an anti-canonical member. Let σ : W = Bl Γ Q 3 → Q 3 be the blowing-up of Q 3 along Γ and G := Exc(σ) a σ-exceptional divisor. As we have seen, there exists a quadric fibration π : W → P 1 given by
In what follows, we regard divisors of S W as those of S because of S W ≃ S.
Let Z := Bl B W W denotes the blowing-up of W along B W . Then we have (−K Z ) 3 = 4 by a straightforward calculation. By Lemma 3.11 (3), −K Z is nef. Therefore, the pair (π : W → P 1 , B) satisfies the condition ( † 6 ) in Proposition 3.5. Thus we obtain a del Pezzo fibration ϕ : X → P 1 of degree 6 satisfying the following:
Since Y is almost Fano and −K X .C = 0, X is almost Fano. By Lemma 2.7 and 2.8, we have h 1,2 (X) = 4. Therefore, X does not belong to Case (B-i-2). Thus X belongs to Case (B-iii-2).
3.9. Case (B-iii-3). In order to construct an example belonging to Case (B-iii-3), we consider the following lattice:
This is an even lattice with signature (1, 3) and hence there exists a K3 surface S such that Pic(S) is isometry to this lattice by Theorem 2.1. Moreover, we may assume that H := H α + H β is nef and big.
Set C 1 := 2H α − B, C ′ 1 := −H α + B, C 3 := B and C ′ 3 := 3H α − B. Then we have C i , C ′ i are (−2)-curves with H.C i = H.C ′ i = i for i ∈ {1, 3}. Let C = xH α + yH β + zF + wB be a divisor on S with x, y, z, w ∈ Z. Then we have C 2 = −2w 2 + 4xy + 4xz + 4yz + 6yw + 6zw and H.C = 2x + 2y + 4z + 3w.
By solving these for x and y, we have the following:
Hence the following (i) and (ii) holds by a straightforward calculation.
(i) It is impossible that C 2 = 0 and
Lemma 3.12.
(1) H is base point free and ample but not very ample. (2) F is base point free. (3) H + F is very ample. (4) Let f : S → P 3 be a morphism given by |H|. Then the image f (S) is non-singular quadric surface. (5) Let p : S → P 1 be a morphism given by |F |. Then the composition of f × p : S → P 3 × P 1 and the segre embedding P 3 × P 1 → P 7 is exactly given by |H + F |. In particular, f × p : S → P 3 × P 1 is closed embedding. (6) There exists non-singular quadric
Proof. Proof. Consider the following exact sequence:
We have h 0 (P 3 × P 1 , O(2H ξ + 2H η )) = 30 and h 0 (S, O(2H ξ + 2H η )| S ) = 26 and hence there exists a member of |2H ξ + 2H η | which contains S. Set V := H 0 (P 3 × P 1 , O(2H ξ + 2H η ) ⊗ I S ) and let Λ := |V | be the linear system corresponding to V .
Let us prove that Bs Λ = S. By Lemma 3.12 (6), there exists a nonsingular quadric surface Q ⊂ P 3 such that S ⊂ Q × P 1 . Set R := Q × P 1 . Then R is linear equivalent to 2H ξ as a divisor of P 3 × P 1 . Hence we have R + 2H η ∈ Λ and Bs Λ ⊂ R. Thus Bs Λ = Bs Λ ∩ R = Bs Λ| R holds. Let us fix an isomorphism R ≃ P 1 α × P 1 β × P 1 η and define H α := O(1, 0, 0) and
. Now Λ| R is the linear system corresponding to the linear space
we have dim V R = 1 and hence |Λ| R | = {S}. Thus we have that Bs Λ = S.
Therefore, a general member W of Λ have singularities only at S. Since Λ is movable and dim Λ ≥ 3, a general member W is irreducible and reduced by Bertini's theorem. Moreover, S = W ∩ R is a non-singular Cartier divisor of W and hence W is non-singular along S. By this argument, general members of Λ are non-singular.
Let W be a general member of Λ and π : W → P 1 the restriction to W of the projection P 3 × P 1 → P 1 . Thus π gives a quadric fibration structure and deg(π| B ) = 3. Let Z = Bl B W W denotes the blowing-up of W along B W . It is easy to see that (−K Z ) 3 = 2. By Lemma 3.12 (7), −K Z is nef and big. Therefore, the pair (π : W → P 1 , B) satisfies the condition ( † 6 ) in Proposition 3.5. Thus we have a del Pezzo fibration of degree 6 ϕ : X → P 1 satisfying the following:
Since Y is almost Fano and −K X .C = 0, X is almost Fano and belongs to Case (B-i-3) or Case (B-iii-3).
Lemma 3.14. h 1,2 (X) = 3
Proof. In the diagram (⋆ 6 ) for this case, Y → X is the blowing-up along B ≃ P 1 and Y Z is flop and Z → W is the blowing-up along C ≃ P 1 . By Lemma 2.7 and 2.8, we have h 1,2 (X) = h 1,2 (W ). Note that W is a non-singular member of
is a homogenous polynomial of degree 2. Let D = ( f ij (η 0 , η 1 )ξ i ξ j = 0) be a member of |2H ξ + 2H η |. By taking general M (η 0 , η 1 ), we may assume that D is non-singular and det M (η 0 , η 1 ) has no multiple root. Thus the singular fibers of D → P 1 is determined by det M (η 0 , η 1 ) = 0. In particular, the number of the singular fibers of By this lemma, X can not belong to Case (B-i-3). Therefore, X belongs to Case (B-iii-3).
3.10. Case (B-iii-4). In order to construct an example belonging to Case (B-iii-4), we consider the following lattice:
This is an even lattice with signature (1, 2). By virtue of Theorem 2.1, there exists a K3 surface S such that Pic(S) is isometry to this lattice. Moreover, we may assume that H is nef and big. Set C 2 := Γ, C 5 := 3H − Γ − B and C 7 := 4H − 3Γ − B. Note that C i is (−2)-curve with H.C i = i for i ∈ {2, 5, 7}.
Let C = xH + yΓ + zB be a divisor on S with x, y, z ∈ Z. Then we have C 2 = 6x 2 − 2y 2 + 8z 2 + 4xy + 22xz + 16yz and H.C = 6x + 2y + 11z.
By solving these equations, we have the following:
By a straightforward calculation, we can prove that the following (i)-(iv).
(iv) If C 2 = −2 and H.C ≤ 10, then C = C 2 , C 5 or C 7 .
Lemma 3.15.
(1) H is very ample and S is embedded in Q 3 as an anticanonical divisor. (2) There exists a non-singular member of |B| meeting Γ transversally.
(1) It can be proved similarly to Lemma 3.6 (1). It is easy to see that a = b = c = 0 is the only non-negative integer solution of these inequalities. Hence |B| = M is movable.
Hence there exists an embedding S ֒→ Q 3 . Let σ : W := Bl Γ Q 3 → Q 3 be the blowing-up of W along Γ and G = Exc(σ). As we have seen, there exists a quadric fibration π : W → P 1 given by Proof. It is clear that −K Z is p-big. Let γ ⊂ Z be a curve which is contained in some p-fiber. If −K Z .γ < 0, then S Z ≃ S contains γ. Since −K Z | S Z = 3H − Γ − B = C 5 , we have γ = C 5 . Since F Z | S Z = H − Γ, we have F Z .γ = (H − Γ).C 5 = 5, which contradicts that γ is contracted by p. Hence −K Z is p-nef.
Therefore, the pair (π : W → P 1 , B) satisfies the condition ( † 6 ). By Proposition 3.5, we have the diagram (⋆ 6 ). In particular, we obtain a del Pezzo fibration of degree 6 ϕ : X → P 1 satisfying the following:
Lemma 3.17. −K X is nef and big but not ample.
Proof. By Mori-Mukai's classification, X is not Fano. Hence it is enough to show the nefness of −K X . At first, we prove that Φ| S Z : S Z S Y is an isomorphism. Let γ be an irreducible flopping curve of Φ and assume S Z ≃ S contains γ as a divisor. Thus there exists x, y, z ∈ Z such that γ = xH + yΓ + zB holds in Pic(S). By Lemma 3.17, ϕ : X → P 1 is an almost Fano del Pezzo fibration of degree 6 with (−K X ) 3 = 2. Hence X belongs to Case (B-iii-4). By Lemma 2.7 and 2.8, we have h 1,2 (X) = 5.
3.11. P 2 -bundles with quinque-sections. In this subsection, we state and prove Proposition 3.18, which is similar to Proposition 3.5, to construct an example belonging to Case (A-2).
Proposition 3.18. Let π : W → P 1 be a P 2 -bundle and B ⊂ W a smooth projective curve and τ : Z := Bl B W → W the blowing-up along B. We assume the following condition ( † 5 ) for a pair (π : W → P 1 , B). Let q : Y → P 1 be a structure morphism onto P 1 and µ : Y → X a K Y -negative ray contraction over P 1 . If −K Z is p-ample, we choose the other ray which is different to the one corresponding to τ : Z → W . Let ϕ : X → P 1 denotes the structure morphism onto P 1 .
Then µ is the blowing-up along a ϕ-section C and ϕ : X → P 1 is a del Pezzo fibration of degree 5. Proof. It is easy to find that (−K Z ) 3 = 12. Since −K Z = τ * (3H +2F )−E = S Z + 2F Z , it is enough to show that −K Z | S Z is nef. Under the identifying S Z with S, we have −K Z | S Z = pr * 1 O C (4pts.) and hence −K Z is nef. Therefore, the pair (π : P 2 × P 1 → P 1 , B) satisfying the condition ( † 5 ) and we obtain the diagram (⋆ 5 ) and a del Pezzo fibration ϕ : X → P 1 of degree 5 satisfying the following:
Since −K Y is nef and big and −K X .C = 0, X is almost Fano. According to [10] , [11] and [25] , there are two possibilities of a type of the contraction of the K X -trivial ray: a divisorial type or a flopping type.
Lemma 3.20. The K X -trivial elementary contraction of X is a divisorial contraction.
Proof. For Φ-flopping curve l ⊂ Z, we have 0 = −K Z .l = (S Z + 2F Z ).l = S Z .l. Since every fiber of p| S Z : S Z → P 1 is an elliptic curve, S Z has no Φ-flopping curve. Therefore, Φ| S Z : S Z S Y is isomorphic. Let Γ be a fiber of S = C × P 1 → C. Note that −K Y .Γ = 0 and D| S Y = pr * 1 O C (q) for a point q of C. Hence we have µ * (−K X ).Γ = 0. Therefore, X has infinitely many K X -trivial curves.
Hence X belongs to Case (A-2). By using Lemma 2.7 and 2.8, we have h 1,2 (X) = 6.
